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We examine the momentum, spin, and orbital angular momentum of structured monochromatic
optical fields in dispersive inhomogeneous isotropic media. There are two bifurcations in this general
problem: the Abraham–Minkowski dilemma and the kinetic (Poynting-like) versus canonical (spin-
orbital) pictures. We show that the kinetic Abraham momentum describes the energy flux and group
velocity of the wave in the medium. At the same time, we introduce novel canonical Minkowsky-
type momentum, spin, and orbital angular momentum densities of the field. These quantities exhibit
fairly natural forms, analogous to the Brillouin energy density, as well as multiple advantages as
compared with previously considered formalisms. We apply this general theory to inhomogeneous
surface plasmon-polariton (SPP) waves at a metal-vacuum interface and show that SPPs carry a
“super-momentum”, proportional to the wave vector kp > ω/c, and a transverse spin, which can
change its sign depending on the frequency ω.
Introduction.— Energy, momentum, and angular mo-
mentum (AM) are the main dynamical characteristics
of particles and fields, matter and light. These quanti-
ties are crucial for understanding the physical properties
of objects and predicting their behavior. Electromag-
netic waves propagating in optical media are mixed light-
matter (photon-electron) excitations with nontrivial dis-
persion and dynamical properties. While optical energy
density in dispersive isotropic media is described by the
well-known Brillouin formula [1], the characterization of
the optical momentum and AM in media is a challeng-
ing problem, with the longstanding Abraham–Minkowski
debate lying at its heart [2–6].
For pure free-space light, the Abraham and Minkowski
approaches coincide, resulting in the well-known Poynt-
ing picture of the momentum and AM of light [1]. How-
ever, even this established formalism produces funda-
mental difficulties when applied to structured (inhomo-
geneous) optical fields. First, the ratio of the Poynting
momentum density to the energy density of the field can-
not exceed c−1 in magnitude, which corresponds to the
momentum not exceeding ~ω/c ≡ ~k0 per photon. How-
ever, in evanescent fields or near optical vortices, the lo-
cal wave vector (phase gradient) and the corresponding
momentum density can be ~kloc > ~k0, and such “super-
momentum” is observed experimentally via light-matter
interactions [7–10]. Second, the Poynting formalism does
not describe separately the spin and orbital AM of light.
At the same time, the spin and orbital degrees of freedom
are separately observable in many experiments, and these
play important roles in light-matter interactions [11–19].
The above difficulties with the Poynting free-space for-
malism can be resolved using the canonical approach
originating from relativistic field theory [20, 21], which
explicitly describes the spin and orbital momentum
and AM densities for monochromatic free-space fields
[17, 18, 22–26]. This approach deals with the canoni-
cal (orbital) momentum density corresponding to the ac-
tual local wave vector of the field, ~kloc, and the canoni-
cal spin AM density characterizing rotations of the elec-
tric and magnetic fields in 3D space. Most importantly,
both of these canonical quantities are directly observable
in local light-matter interactions via the optical scatter-
ing force and torque on small dipole particles or atoms
[12, 13, 17, 25, 27–29].
Thus, for waves in optical media one can use either the
Abraham or Minkowski approaches combined with either
the kinetic (Poynting-like) or canonical (spin-orbital) for-
malisms, i.e., four combinations in total. Here we argue
that two of these perfectly describe the kinematic and
dynamical properties of optical fields. First, the well-
known kinetic Abraham-Poynting momentum density de-
scribes the energy flux and the group velocity of the wave
in the medium. Second, we introduce the novel canonical
Minkowski-type momentum, spin, and orbital AM densi-
ties, valid for structured optical fields in dispersive inho-
mogeneous media. [Note that although the (dispersion-
modified) Minkowski momentum is often associated with
the canonical one [30–35], this is the case only for plane
waves, while for generic structured fields the Poynting
vector cannot describe the local wave-vector properties
even in free space.]
The novel canonical momentum and spin densities have
very natural forms, analogous to the Brillouin energy
density and involving the corresponding quantum op-
erators. For plane waves in transparent media, they
produce natural results associated with the wave vec-
tor and polarization helicity. This is consistent with
the dispersion-modified Minkowski approach [30–37] and
the corresponding plane-wave momentum experiments
[38, 39]. However, in contrast to previous formalisms, our
canonical densities efficiently describe the wave-vector
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2and field-rotation properties of arbitary structured fields.
To illustrate this, we apply our general theory to
surface plasmon-polaritons (SPPs) (structured fields) at
a metal-vacuum interface (an inhomogeneous dispersive
medium) [40]. This example has never been considered in
the context of the Abraham-Minkowski dilemma. While
the kinetic-Abraham-Poynting momentum describes the
subluminal group velocity of SPPs [41], vg < c, we
show that the canonical momentum yields a “super-
momentum” ~kp > ~k0 per polariton, both locally and
when integrated over the localized field. Strikingly, none
of the previous approaches produces this natural re-
sult. Moreover, we calculate the canonical transverse
spin AM carried by the SPP. This interesting quantity
was introduced earlier using the Abraham-type energy-
flux approach [42], and currently the transverse spin in
structured fields is attracting considerable attention [17–
19, 25], promising exciting applications in nano-photonics
and quantum optics [43–48]. Remarkably, only now our
canonical formalism enables one to calculate the trans-
verse spin of a SPP properly, including the dispersion
effects in the metal. We find that the integral transverse
spin can change its sign or vanish depending on the SPP
frequency, in contrast to previous calculations.
General theory.— We consider monochromatic electro-
magnetic fields, with complex amplitudes E(r), H(r),
and frequency ω, in an isotropic lossless dispersive (and,
in general, inhomogeneous) medium characterized by the
permittivity ε(ω, r) and permeability µ(ω, r). The cycle-
averaged energy density of the field is given by the well-
known Brillouin formula [1]:
W˜ =
g ω
2
(
ε˜ |E|2 + µ˜ |H|2
)
, (1)
where we use Gaussian units with g = (8piω)−1, ε˜ =
ε+ω dε/dω, µ˜ = µ+ω dµ/dω, and we mark all dispersion-
modified quantities by a tilde. The kinetic Abraham mo-
mentum density of the field is determined by the Poynt-
ing vector:
PA = g k0 Re (E∗×H) . (2)
This quantity describes the energy flux (rather than mo-
mentum) density [20, 30, 35]. The ratio of the integral
Abraham momentum (2) to the integral energy (1) deter-
mines the group velocity of a wave packet in the medium:
vg =
c2 〈PA〉〈
W˜
〉 , (3)
where 〈...〉 denotes the proper spatial integration of the
densities. As we show below, Eq. (3) agrees with the
usual ∂ω/∂k definition even for inhomogeneous waves in
inhomogeneous media [30, 35, 41].
We now put forward the canonical momentum density
of the field:
P˜ =
g
2
Im [ε˜E∗ · (∇)E+ µ˜H∗ · (∇)H] , (4)
and also the canonical spin and orbital AM densities:
S˜ =
g
2
Im [ε˜E∗×E+ µ˜H∗×H] , L˜ = r× P˜ . (5)
Equations (4) and (5) are the central expressions of this
work, which describe the actual momentum, spin, and
orbital AM densities carried by generic structured optical
fields in an dispersive inhomogeneous medium. Below we
consider several remarkable properties and applications
of these quantities.
1. In the vacuum, ε˜ = µ˜ = 1, and the densities (4) and
(5) coincide with the corresponding canonical densities
for free-space fields [17, 18, 22–27], which are consistent
with directly-observable properties of structured optical
fields [7–10, 12, 13, 28, 29].
2. Equations (4) and (5) exhibit a pleasing similarity
with the Brilluoin energy density (1). Together, these
can be written as a consistent set of dynamical quantities
using the corresponding quantum-mechanical operators:
W˜ = ψ†(ω)ψ , P˜ = Re
[
ψ†(pˆ)ψ
]
, S˜ = ψ†
(
Sˆ
)
ψ . (6)
Here pˆ = −i∇ and Sˆ are the momentum and spin-
1 operators [17, 22, 24, 27], whereas the 6-component
“wavefunction” is ψ =
√
g/2
(√
ε˜E,
√
µ˜H
)T
. Notably,
this quantum-like formalism exactly coincides with the
one recently introduced by Silveirinha for calculations of
other electromagnetic bi-linear forms in dispersive media
[49, 50].
3. Consider the simplest case of an electromagnetic
plane wave in a homogeneous transparent medium. Using
the Maxwell equations, we readily obtain the ratios of the
densities (2), (4), and (5) to the energy density (1):
PA
W˜
=
1
npng
k
ω
,
P˜
W˜
=
k
ω
,
S˜
W˜
=
σ
ω
k
k
, (7)
where k is the wave vector in the medium, np =
√
εµ and
ng = np + ω dnp/dω are the phase and group refractive
indices of the medium, and σ is the polarization helic-
ity (the third Stokes parameter). Using k = npk0, we
see that the first Eq. (7) provides the local counterpart
of the group-velocity Eq. (3), yielding vg = c/ng < c.
Assuming the quantization of energy as ~ω per photon,
the second Eq. (7) yields the canonical momentum cor-
responding to ~k per photon. This natural result exactly
coincides with that obtained from the dispersion-modified
Minkowski momentum, sometimes using rather cumber-
some expressions [31–36]. Finally, the spin AM density
in Eq. (7) also acquires very the natural form ~σk/k, ex-
actly as one would expect for a photon. To the best of
our knowledge, this simple result was previously derived
for dispersive media only in [37], using rather nontrivial
calculations.
4. Previously, dispersion-modified Mikowski-type mo-
mentum and AM densities, P˜M and J˜M , were derived
3in the most general form, using a Lagrangian-Noether
formalism, by Philbin and Allanson [36, 37]. Since these
works used the symmetrization of the energy-momentum
tensor [20, 24], they produced kinetic quantities, yielding
the Poynting momentum and total AM in free space. The
explicit lengthy expressions of [36, 37] for monochromatic
fields can be written as
P˜M = εµPA+ {disp.} , J˜M = r× P˜M+ {disp.} , (8)
where {disp.} indicates dispersion-related terms. Re-
markably, as we show elsewhere [51], the canonical mo-
mentum density (4) differs from the kinetic one (8) by a
curl of a vector field S: P˜ = P˜M +∇×S/2, which does
not contribute to integral momentum values and conser-
vation laws. Moreover, the total AM (8), integrated over
volume for a localized field, coincides with the sum of the
integral values of the canonical spin and orbital AM (5):〈
P˜M
〉
=
〈
P˜
〉
,
〈
J˜M
〉
=
〈
S˜
〉
+
〈
L˜
〉
, (9)
Thus, our momentum, spin, and orbital AM densities
are canonical counterparts of the kinetic Minkowski-type
quantities of Philbin and Allanson [36, 37]. The advan-
tages of our quantities are: (i) considerably simpler form,
(ii) explicit spin-orbital separation, and (iii) description
of canonical properties (e.g., “super-momentum”) in free-
space and media.
5. Being derived from Neother’s theorem [36, 37], the
kinetic quantities (8) are conserved in media with the
corresponding translational/rotational symmetries. Due
to Eqs. (9), this is also true for our canonical quanti-
ties (4) and (5). This can also be seen from the plane-
wave Eqs. (7), valid for paraxial optical beams. Indeed,
the momentum ~k per photon and spin ~σk/k underpin
the momentum and AM conservation laws for the optical
beam reflection/refraction at a planar interface between
two media [52–54] (the simplest example being Snell’s
law [1]).
6. Most importantly, considering an example of sur-
face plasmon-polaritions at a metal-vacuum interface, el-
swhere we show that both kinetic and canonical momen-
tum and AM densities (4), (5), and (8) can be derived
microscopically [51]. This allows one to separate the mi-
croscopic electromagnetic-field and electron-matter con-
tributions. In particular, it is the electron contributions
that are responsible for the dispersion-related terms.
7. Moreover, considering a non-magnetic medium,
µ = 1, the dispersion corrections in the spin AM density
(5) produces the magnetization in the medium due to the
inverse Faraday effect [1, 55]: M ∝ ω dε/dω Im(E∗×E).
In turn, this magnetization generates the direct mag-
netization current jmagn = c∇ ×M. Remarkably, the
momentum density carried by the electrons in this di-
rect current exactly corresponds to the difference between
the kinetic Abraham and Minkowski-type momenta [51]:
Pmagn = (m/e) jmagn = PA − P˜M , where m and e < 0
are the electron mass and charge.
8. Note that the canonical momentum and spin den-
sities (4) and (5) have the dual-symmetric form, keep-
ing the electric and magnetic contributions on an equal
footing. In free space, such formalism was recently sug-
gested and extensively discussed in [17, 18, 22–27, 56, 57],
mostly from aestetic reasons (“electric-magnetic democ-
racy” [22]) rather than real physical arguments. Al-
ternatively, in free space, one can use the electric-
biased formalism, originating from the dual-asymmetric
form of the standard electromagnetic field Lagrangian
[20, 21, 24, 26, 28, 29]. It yields “double-electric” mo-
mentum and spin densities P′ = g Im[E∗ · (∇)E] and
S′ = g Im(E∗×E). The choice of the electric-biased
quantities does not affect the free-space integral mo-
mentum and spin values [9, 23]. However, this is not
the case for fields in dispersive media. First, the inte-
gral electric and magnetic contributions to the momen-
tum and spin AM are not equal to each other anymore.
Second, the dispersion-related terms in both canonical
and kinetic characteristics (4), (5), and (8) have fixed
dual-symmetric form, confirmed by both the macroscopic
Noether-theorem derivation [36, 37] and microscopic cal-
culations [51]. This allows one to discriminate between
the dual-symmetric and electric-biased approaches, in fa-
vor of the dual-symmetric one.
Application to surface plasmon-polaritons.— We now
apply our general theory to an example of a sur-
face plasmon-polariton (SPP) (essentially inhomoge-
neous field) at a metal-vacuum interface (strongly inho-
mogeneous dispersive medium) [40]. The geometry of the
problem is shown in Fig. 1, the metal is characterized by
the permittivity ε(ω) = 1 − ω2p/ω2, with ωp being the
electron plasma frequency, whereas µ = 1. The SPP
is a transverse-magnetic (TM) wave that exists when
ε < −1, propagates along the interface with the wave
vector kp =
√
ε/(1 + ε) k0 > k0, and decays exponen-
tially away from the interface. From here, one can derive
the SPP dispersion relation ω(kp), shown in Fig. 1.
Substituting the electric and magnetic fields E and H
of the SPP [40–42] in Eqs. (1)–(3), with 〈...〉 denoting the
x-integration across the interface, we find that the group
velocity of SPPs (3) exactly coincides with the standard
definition [41]:
vg =
(−1− ε)3/2√−ε
1 + ε2
c z¯ =
∂ω
∂kp
z¯ , (10)
where x¯, y¯, and z¯ are the unit vectors of the correspond-
ing coordinates. Naturally, this velocity is always sublu-
minal: vg < c, Fig. 2(a). This confirms the association
of the Abraham-Poynting momentum with the group ve-
locity in the general case of inhomogeneous fields and
inhomogeneous dispersive media.
Next, we calculate the energy (1) and canonical mo-
mentum (4) of the SPP field. Since all the field compo-
4FIG. 1. Geometry and main properties of a surface plasmon-
polariton (SPP) at a metal-vacuum interface.
nents share the same exp(ikpz) phase factor, we immedi-
ately find, for both the local and integral quantities:
P˜
W˜
=
〈
P˜
〉
〈
W˜
〉 = kp
ω
z¯ . (11)
This equation is analogous to the plane-wave
homogeneous-medium Eq. (7), but now it is valid
for the strongly-inhomogeneous SPP case. This means
that the SPP carries “super-momentum” ~kp > ~k0
per polariton, both locally and integrally, Fig. 2(a).
Surprisingly, none of the previous approaches can
provide this seemingly simple result, which is essentially
the de Broglie relation! In particular, the kinetic
Minkowski-type momentum (8) agrees with it integrally,
Eq. (9), but it cannot explain the local super-momentum
in the evanescent vacuum part of the SPP field, which
is observed experimentally [7–9]. Note also that the
canonical momentum (11) is always directed along
the SPP propagation, while the Poynting-Abraham
momentum (2) is directed backwards inside the metal
[41].
We finally calculate the transverse spin AM of the SPP:
a quantity which has recently attracted considerable at-
tention [17–19, 42, 43, 47, 48], but has never been prop-
erly calculated including the dispersion corrections in the
metal. Substituting the SPP fields into Eqs. (1) and (5),
we obtain for the integral spin value:〈
S˜
〉
〈
W˜
〉 = (−2− ε)√−ε
1 + ε2
1
ω
y¯ . (12)
This equation differs drastically from the plane-wave
Eqs. (7), showing that now we deal with a structured-
light property, vanishing for a plane TM wave. Equation
FIG. 2. (a) The subluminal group velocity (3), (10), and
the canonical “super-momentum” (11) of a SPP versus fre-
quency. (b) The canonical transverse spin of a SPP (12), the
previously-calculated Abraham-type spin [42], and vanishing
intrinsic orbital AM of a SPP versus frequency.
(12) also differs considerably from the previous calcula-
tions of the transverse spin, based on the spin-orbital
decomposition of the Abraham-Poynting energy flux [42]
and neglecting dispersion effects [47], Fig. 2(b). In par-
ticular, the y-component of the spin (12) is positive for
ω < ωp/
√
3 and negative for ωp/
√
3 < ω < ωp/
√
2. The
absolute value of the transverse spin does not exceed ~/2
per polariton, because it has only the electric-field con-
tribution but not the magnetic one.
Remarkably, the magnetization of the metal, men-
tioned above, means that a SPP carries not only the spin
AM but also a transverse magnetic moment. Microscopic
calculations, presented elswhere [51], yield the magnetic
moment µ ≡ ω 〈M〉/〈W˜ 〉 = [2√−ε/(1 + ε2)]µB y¯ per
polariton, where µB = |e|~/2mc is the Bohr magneton.
One can also calculate the orbital AM density for the
SPP using Eq. (5). However, this quantity is extrinsic,
i.e., dependent on the choice of the coordinate origin. It
makes sense to calculate the intrinsic part of the integral
orbital AM determined with respect to the SPP center of
energy 〈x〉:
〈
L˜inty
〉
=
∫
(x− 〈x〉)P˜z dx = 0, Fig. 2(b). It
vanishes because of the proportionality (11) between the
energy and canonical-momentum densities. Note, how-
ever, that the second Eq. (9) fails in the case of a single
SPP wave, and the transverse spin (12) cannot be found
via the x-integration of the kinetic AM (8) taken with
respect to 〈x〉. This is because Eqs. (9) are valid, rig-
orously speaking, only for 3D-localized solutions, while
a single SPP wave is localized only in one x-dimension;
considering a z-localized SPP wavepacket would fix this
discrepancy. This provides one more reason to use the
canonical rather than the kinetic picture for the spin and
orbital AM calculations.
Conclusions.— We have provided the general theory
of the canonical momentum, spin and orbital AM, which
is valid for inhomogenous (but monochromatic) opti-
cal fields in dispersive and inhomegenous (but isotropic
5and lossless) media. Our approach combines mathemat-
ical simplicity with physical generality, and none of the
previously-used definitions of the momentum and AM
densities is able to reproduce all the seemingly simple re-
sults obtained in this work. The remarkable features and
advantages of the suggested formalism are explained in
points 1–8 in the main text. We have considered surface
plasmon-polaritons only as the simplest example of the
application of our theory, where other approaches fail.
Taking into account both material and structured-light
properties is crucial in a variety of nano-optical and pho-
tonic systems, including photonic crystals, metamateri-
als, and optomechanical systems. Our theory provides an
efficient toolbox for the description of dynamical proper-
ties of light in such systems. We hope that this formalism
will become as useful as the Brillouin energy-density ex-
pression.
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